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1 Notation and General Assumptions

We denote the random variable by a tilde, i.e., x̃, denote the augmented real as R̄ := R∪{−∞,∞}.
Quantiles and Value-at-Risk. The quantile of random varible x̃ at level α ∈ [0, 1] is any

τ ∈ R such that P[x̃ ≤ τ ] ≥ α and P[x̃ < τ ] ≥ 1−α. It might not be unique and lies in the interval
[q−α (x̃), q

+
α (x̃)], where

q−α (x̃) := min{τ ∈ R̄|P[x̃ ≤ τ ] ≥ α}
q+α (x̃) := max{τ ∈ R̄|P[x̃ < τ ] ≤ α}.

For ease of presentation, we assume the quantile is unique, i.e., q−α (x̃) = q+α (x̃), for any x̃. In this
case, value-at-risk (VaR) equals quantile.

2 Quantile-based Distributional RL

Distributional reinforcement learning is getting popular since the seminal work of [Bellemare et al.,
2017], where a distributional Bellman equation is proposed, i.e.,

z̃(s, a)
d
= r̃(s, a) + γz̃(s̃′, ã′) (1)

In this equation, z̃(s, a) :=
∑∞

t=0[γ
tr̃(s̃t, ãt)|s̃0 = s, ãt = a] is the random variable of the return,

and
d
= means equal in distribution. Note that Eq. 1 is more like policy evaluation where ã′ comes

from π(·|s̃′). [Bellemare et al., 2017] mentioned that in control setting, the distributions on the
two hand side of Eq. 1 might not be equal.

[Bellemare et al., 2017] used categorical distribution to represent the value distribution. Later,
[Dabney et al., 2018] proposed to represent the value distribution by its empirical inverse CDF
(quantile function), and update the quantile estimates by quantile regression given sampled (s, a, r, s′)
as

qα(s, a)← qα(s, a)− η · ∂yEu∼U [0,1]

[
lα
(
r + qu(s

′, a′)− y
)]∣∣∣

y=qα(s,a)
, ∀α ∈ [0, 1] (2)

where qα(s, a) := VaRα[z̃(s, a)] represents the α quantile of the state-action value; η is the learning
rate; U [0, 1] is a uniform distribution on [0, 1]; lα(·) is the loss function corresponds to quantile
regression given by

lα(x− y) := (α− I{x < y})(x− y);

a′ can come from π(·|s′) if doing policy evaluation, and a′ = argmaxa Eu[qu(s
′, a)] when performing

optimal control.
Quantile-based distributional RL approach has become one of the main stream approaches

since it was introduced. Recently, [Rowland et al., 2024] provided theoretical analysis for quantile
TD learning (Eq. 2).
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3 Quantile MDP

Consider a general problem, given a Markov Decision Process (MDP), what is the optimal quantile
value for all α ∈ [0, 1] and (s, a), i.e.,

q∗α(s, a) := max
πh

VaRπh
α

[ ∞∑
t=0

γtr̃(s̃t, ãt)|s̃0 = s, ã0 = a
]
. (3)

The corresponding optimal policy of Eq. 3 is history-dependent since VaRα operator is non-
linear, therefore denoted as πh in Eq. 3.

[Li et al., 2022] and [Hau et al., 2023] showed that this static VaR problem enjoys a dynamic
decomposition which admits a Bellman-like equation. However, the equations in [Li et al., 2022]
and [Hau et al., 2023] are model-based where a constrained optimization problem involving the
transition probability need to be solved. To address this limitation, [Hau et al., 2025] proposed a
nested VaR Bellman equation as

q∗(s, α, a) = VaRα

[
r̃(s, a) + γmax

a′
q∗(s̃′, ũ, a′)

]
, (4)

where ũ follows U [0, 1] and VaRα is applied to the joint distribution of s̃′ and ũ. We have moved
the parameter α inside the q function to treat it as an augmentation of the state space.

Notice that α-quantile is the argmin of the quantile regression loss, as a result, Eq. 4 can be
alternatively expressed as

q∗(s, α, a) = argmin
y

E
[
l
(
r̃(s, a) + γmax

a′
q∗(s̃′, ũ, a′)− y

)]
. (5)

As a result, the quantile value can be updated by gradient descent towards the decreasing direction
of the quantile regression loss. Given sampled (s, α, a, r, s′), the quantile value is updated by

q(s, α, a)← q(s, α, a)− η · ∂yEu∼U [0,1]

[
lα
(
r + γmax

a′
q(s′, u, a′)− y

)]∣∣∣
y=q(s,α,a)

, (6)

where η is the learning rate.
Eq. 2 and Eq. 6 share very similar structure. The only difference is that Eq. 6 obtains the

optimal action a′ for each quantile-level u ∈ [0, 1], while Eq. 2, in control setting, uses the optimal
risk-neutral action a′ = argmaxa Eu[q(s

′, u, a)]. However, this subtle difference suggests that
quantile-based distributional RL approach (in control setting) is not learning the optimal quantile
values in an MDP. Another explanation is that the optimal quantile policy is history-dependent
while distributional RL uses Markovian policy.

4 Quantile Decomposition under Markovian Policy

We show that when policy is Markovian, the quantile decomposition technique (Li et al. [2022])
used in quantile MDP reduces to quantile-based distributional RL approach in policy evaluation.

For ease of presentation, here we assume the Markovian policy is deterministic, i.e., π(s) (so
that we do not need to decompose the randomness coming from the policy at this point)
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q(s, α, π(s)) = VaRα

[ ∞∑
t=0

γtr̃(s̃, π(s̃))|s̃0 = s
]

= VaRα

[
r̃(s, π(s)) + γ

∞∑
t=1

γt−1r̃(s̃t, π(s̃t))
]

(a)
= VaRα

[ ∑
(ri,s′i)

P (ri, s
′
i|s, π(s))

(
ri + γ

[ ∞∑
t=1

γt−1r̃(s′i, π(s
′
i))|s̃1 = s′i

])]
(b)
= VaRα

[ ∑
(ri,s′i)

P (ri, s
′
i|s, π(s))

(
ri + γq(s′i, ũ, π(s

′
i))

)]
(c)
= max

β
min
i

VaRβi
[ri + γq(s′i, ũ, π(s

′
i))] with

∑
i

βi · P (ri, s
′
i|s, π(s)) ≤ α

= max
β

min
i

ri + γq(s′i, βi, π(s
′))

(d)
= VaRα

[
r̃ + γq(s̃′, ũ, π(s̃′))

]
,

where (a) considers all the possible combinations of (r, s′) under transition P (r, s′|s, a); (b) replaces
the distribution of

[∑∞
t=1 γ

t−1r̃(s′i, π(s
′
i))|s̃1 = s′i

]
by its equivalent representation q(s′i, ũ, π(s

′
i));

(c) is according the quantile decomposition theory, i.e, theorem 1 and Lemma 2 in [Li et al., 2022];
(d) is according to Lemma B.4 of [Hau et al., 2025].

Following the same idea as Eq. 5 and Eq. 6, we have

q(s, α, π(s)) = argmin
y

E
[
lα
(
r̃ + γq(s̃′, ũ, π(s̃′))− y

)]
,

which leads to the update rule as Eq. 2 given sampled (s, a, r, s′).

5 Remark

Note that some technique details are omitted in this note. Please refer to [Hau et al., 2025] for
handling the non-smoothness of quantile regression loss, and the discussion when quantile level
chooses the boundary value 0 and 1.
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